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A method has been developed for the exact and approximate calcula- 
tion of the equilibrium composition and thermodynamic properties of 
mixtures of nonideaI chemically reacting gases described by an equa- 
tion of state in virial form. Certain characteristics of the thermody- 
namics of diatomic dissociating gases are analyzed. 

Chemical ly  reac t ing  gas mix tures  a re  now widely 
used as working media  and hea t - t r an s f e r  agents  in 
var ious  new indus t r ia l  p rocesses .  The p r e s s u r e s  and 
te rnpera tures  a re  f requent ly  such that in calculat ing the 
thermodynamic  proper t i es  of the reac t ing  gases  we mus t  
allow for the fact that they are  not ideal.  

However,  there have been v i r tua l ly  no studies in 
which a theory of the thermodynamic  p roper t i e s  of 
nonideal  chemica l ly  r eae t inggas  mix tures  is developed 
in any detail .  Even in such an impor tant  modern  hand- 
book as [1], a nonideal i ty  cor rec t ion  for  the d i s soc ia -  
t i on -equ i l ib r ium constant  is given only for the case of 
a mix ture  governed by the van der  Waals  equation. On 
the other  hand, it  is widely bel ieved that taking into 
account the nonideal i ty of chemica l ly  reac t ing  gas mix-  
tu res  does a lmost  nothing to improve the accuracy  
with which their  composi t ion can be calculated [2]. 
Although, as we shall  show below, this viewpoint is 
not always sufficiently just i f ied,  all  the ca lcula t ions  of 
the thermodynamic  p roper t i e s  of chemica l ly  reac t ing  
gases  with which we a re  f ami l i a r  have been made up 
to the highest p r e s s u r e s  without cons idera t ion  of non-  
ideal i ty effects [3-5] .  

tn what follows the effect of nonideal i ty  on the com- 
posit ion and thermodynamic  proper t i es  of chemical ly  
reac t ing  gas mix tures  is examined by the s tandard  
methods of chemical  the rmodynamics  [1, 6, 7] and the 
theory of nonideal  gases  [8]. 

Let a s e r i e s  of independent reac t ions  take place in 
the sys tem in question and let the equation of the k-th 
reac t ion  have the form 

~ v ~  k) A i = 0. (1) 
f 

= ~ , , o  v~ >0. (3) 
(k) 

(The equal s ign in (3) holds for one or more  s ta r t ing  
subs tances  given in the "min imum neces sa ry  N amount 
requi red  for all reac t ions  (1) to proceed completely 
f rom left to right;  in this sense  the other subs tances  
a re  p resen t  nin excess."} In the genera l  case  finding 
the numbe r s  NI k) is sca rce ly  a t r iv ia l  problem,  and 
we shal l  not dwell on it here.  

At equi l ibr ium the free energy of the sys tem F(T, V) 
is m i n i mum [6] for given t empera tu re  T and volume 
V, so that for each of the react ions  the equation 

�9 ]~.v a - ~ -  = o  (4) 

is sat isf ied.  Cons ider ing  that 

OF ~ - T  -K~, )~.,= ~,( , v, ~o,, ~(~), (5) 

which r e p r e s e n t s  the par t ia l  chemical  potential  of the 
i - th  component in the mix ture  as calculated for a s in -  
gle molecule  [6, 7], and using (2), we obtain a sys tem 
of equations for the composi t ion of the sys tem fl(k) 
as a function of T and V: 

Z-~,[T, V, No~, [l(k)(T, V)lv~ ~) = 0 .  (6) 
i 

We obtain the thermal  equation of state of the sys -  
tem ( p r e s s u r e  p as a function of T and V) by d i f fe ren-  
t ia t ing F(T,V)  with respec t  to V: 

T 

- - -  - ~ -  r.~(k)-- (~) 0 . (7) 

The composition of the system can be described by 
introducing for each reaction the degree of completion 
fl(k), which varies from 0 to 1 as reaction (I) proceeds 
from leR to right. If before the reactions began (all 
~(k) = 0), the molecules A i were present in the number 

Nob in the mixture we have 

N, = No, +~N(0 ~) 4 ~) ~(~). (2) 
(a)  

The quant i t ies  N~ k) in (2) a re  so se lec ted  that at all  

fl(~ = 1 

In view of (4), at equi l ibr ium the second t e rm in 
(7) is equal to zero, and hence the thermal  equation of 
s tate  of an equi l ib r ium sys tem in which chemical  r e -  
act ions a re  taking place has the same form as for a 
nonreac t ing  mix ture  of the same  composit ion: 

(7a) 

Simi la r ly ,  in the form of the calor i f ic  equation of 
s tate,  the chemical  reac t ions  in the sys tem also go 
unreflected:  the entropy of the sys tem is 
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OF OF 

We note that if the individual  r eac t i ons  p r o e e e d  un- 
d e r  nonequi l ib r ium condit ions,  the r ight  s ide  of some  
of the equations in (4) may  be nonzero .  At  the s a m e  
t ime ,  the equ i l ib r ium of the s y s t e m  with r e s p e e t  to 
the t r ans l a t i ona l  and in te rna l  deg ree s  of f r e edom of 
the molecu les  may be a lmos t  comple te ,  which makes  
it p o s s i b l e  to use the de r iva t i ve s  of F with r e s p e c t  to 
V to f ind p and with r e s p e c t  to T to compute  S. In this  
c a s e  we obtain the following p r e s s u r e  and en t ropy  c o r -  
rec t ions :  

A p e h e m = = - -  %'~1 OF ~ (O~<k' ~ = 

(k) \O p ,T,V 

(ova>) ,v<:> Y,l 

A S chem__ 

(k~ i 

owing to the nonequi l ib r ium c h a r a c t e r  of the chemica l  
r eac t ions .  However ,  finding the r e l a t ion  between fl(k) 
and T and V under  these  condi t ions is  a kinet ic  p r o b -  
lem. 

To d e t e r m i n e  the compos i t ion  of the mix tu r e  i t  is  
n e c e s s a r y  to find the r e l a t ion  between the chemica l  
po ten t ia l s  fit of the mix ture  components  in (6) and the 
p a r a m e t e r s  ind ica ted  there in ,  and then so lve  that  s y s -  
t em of equations for  fl(k). 

In the ca se  of nonideal  gases  the f r ee  energy  of the 
m i x tu r e  can be wr i t t en  in the fo rm of a v i r i a l  s e r i e s  
[8] in powers  of l / V :  

+ 
i ~ I 

kT -t- - - V ~ ' ~  NiNsNj, ca~ 
2 , ~  z_s,,~ -V ]- + . . . .  (9) 

i ] k 

where  

f~d:= - -  kW ]rl [ e E l  raM" ~i~z, ]. 
[ Nl t 2z h ~ } ] 

Here ,  b i j ( T ) a n d  C i j k ( T ) a r e  v i r i a l  coef f ic ien ts ,  taking 
into account the in te rac t ion  between p a r t i c l e s  of the 
spec i e s  ind ica ted  by the s u b s c r i p t s  (the v i r i a l  coef f i -  
c ien ts ,  ca l cu la t ed  p e r  mole,  Bij(T) and Cijk(T) a r e  
e x p r e s s e d  in t e r m s  of bi, and ci j  k and A v o g a d r o ' s  num-  

J 2 id 
ber NA: Bij = NABij, Cij k = NACijk, and so on); f i  
is  the f ree  energy  of a p a r t i c l e  of the i - t h  spec i e s  in a 
mix tu re  of ideal  gases  of the given composi t ion ;  z i is  
i t s  s t a t i s t i c a l  sum over  the in te rna l  d e g r e e s  of f r e e -  
dom. 

Di f fe ren t ia t ing  (8) in accordance  with (5), we obtain 

~i = ~ t~d - ~ h ~  n~ , (10)  

where  

Here ,  

~ i d  
l i t  = - - k T  In  [ ~ i - (m ' kT~  3'~ �9 \2--~1 ]' (11) 

A -~onid  = kT 2 ~ nsb, ' + 
! 

n i = NitV (13 )  

is  the number  of p a r t i c l e s  of the i - th  spe c i e s  p e r  unit 
volume.  

Using (2) and (13), in (10)-(12) we can e x p r e s s  a l l  
the n i in t e r m s  of fl(k) and as  a r e su l t  of the n u m e r i c a l  
solut ion of s y s t e m  (6) for  given V and T find fl(k)(v, T) 
and consequent ly  ni(V, T) with any d e s i r e d  degree  of 
accu racy .  

In p r a c t i c e  it is  usual ly  m o r e  convenient  to d e s c r i b e  
the s y s t e m  by means  of the v a r i a b l e s  T and p, a l so  
in t roducing the mole  f r ac t ions  x i of the components :  

x~ = Nil E Nt. ( 1 4 )  
i 

In these  v a r i a b l e s  the components  of (10) can be w r i t -  
ten as  fol lows:  

~q ~ - - , c T  In ; ( l l a )  
[ xip ~ 2n h 2 ] 

i i h 

+ p -~ xsx~bsk 
/ ~ j k 

2 T i< ' ' i  ~ix~,s~. 

Now the quant i t ies  tick) can be found f rom the s y s t e m  
of equations (6) as  a function of T and p. 

In mos t  c a s e s  of p r a c t i c a l  impor t ance ,  however ,  
taking into account the nonideal i ty  of the gas  mix tu re  
has  a r e l a t i v e l y  weak (though not negl igible)  effect  on 
the r e s u l t  of the compos i t ion  ca lcu la t ions .  If, in gen-  
e r a l ,  we neglec t  the effect  of nonideal i ty ,  the " ideal  ~ 
mix tu re  compos i t ion  fl(k) can be obtained f rom the s y s -  

id 
tern of equat ions 

~t -]  d [T,V, ,,o,,~7 Vida(k)( T, V)] ~ )  = 0 ,  (15) 
i 

- i d  where  # i  a r e  found f rom Eqs .  (11) and ( l l a ) .  F o r  ex-  
ample ,  with Eq. (11), s y s t e m  (15) can be wr i t t en  in 
the s t andard  fo rm 

77 (n~d;?)-- = 
i 
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= no,-+ - V ~  ,,0 ~ ~I~)= 
--(k) 

where  K(nk)id(T) is  the i d e a l - g a s  equ i l ib r ium cons tan t  
of the reac t ion ,  

K~,ia (T)= [-'l[-z. [tn, kT )a/21v~) 
' , a t  ' k  2sth~ (17) 

The l a t t e r  is  r e l a t e d  to the wel l -known p r e s s u r e  con-  
s tan t  K(pk)(T) [6] by the obvious equation 

KT' (T) = g(~ ~)ia (T) (kT)' (18) 

If we take fl{k) as  the z e r o - o r d e r  app rox ima t ion  to the 
exact  solut ion,  in the f i r s t  (and usua l ly  sufficient)  ap-  
p rox ima t ion  fl(k) can  be obtained by a s s u m i n g  that  the 
cont r ibu t ion  of t e r m s  with &iT. n~ in (6) is  s m a l l  and 
comput ing  these  quant i t ies  four B{dk) 

- i d  ~(k}) --nonid (k) V h k ) ~ 0  [., (r, V, + A~ ( r , V , ~ ) ]  ~ . 
i 

By analogy with (16) we can now wr i t e  

where  

H(.,) 

"v(k) /e l V N~? ~ .,?' ~(~) ~ ~ ~, ~(r, v), 
+ -V-z_ ~ 

h~3 ) (T, V) =/~k)id(T) X 

[ ~ ,(~, -.o,,,,~.- ))] 
i 

x exp - -  kT " 

(19) 

(20) 

Undoubtedly,  the s y s t e m  of equat ions  (19), (20) is  
much e a s i e r  to so lve  for  fi(k) than the s t a r t i n g  s y s -  
tem (6) with (10)-(12) .  

As  an example  we wil l  c o n s i d e r  the de t e rmin a t i on  
of the compos i t ion  of a d ia tomic  gas  d i s soc i a t i ng  un- 
d e r  equ i l ib r ium condit ions:  

A 2-~ 2A1 

and we confine o u r s e l v e s  to the reg ion  of p a r a m e t e r s  
d e s c r i b e d  by an equation of s t a t e  with the second v i r -  
ia l  coef f ic ient  only. tn th is  c a s e  in acco rdance  with 
(12) 

h~i a~ = 2kT (n,bn + n~b21), 
nonid Lt2 = 2kT (nlbl~ + n~b2~) 

(i t  is  unders tood  that b12 = b21), and in a cco rdan c e  with 
(2O) 

K~(T, 1/) = n~/r�89 ----- 

= K~ d (T) exp {-- 2 [n~ a (2bn - -  b,=) + 

.~- rt~ d (2b21--b2~)] }, 

where  

/(~d (T) -nid,~l id = (  i )Yn2. 

In the s a m e  approx imat ion  

x~ K~(T) p 
+ --x~ = - - p  exp ~ {[(xld) ~ bl~ + 

(21) 

(22) 

+ a'a'lO~id "2~id ~'12 s + (x~d) ~ b2.2] - -  

- -  2 [x~ a (2bn - -  bx~) + x~ d (2ba~ - -  b2~)] }. 

Using (21), we can, in the s i m p l e s t  case ,  e a s i l y  
e s t i m a t e  the effect  of nonidea l i ty  on the compos i t ion  
of the c h e m i c a l l y  r eac t i ng  gas  mix ture .  Using (14), 
we can wr i t e  the idea l i ty  c o r r e c t i o n  for  the equ i l ib r ium 
cons tan t s  in the fo rm 

exp { - - ~ T  [xld(2Bn--Bn) + x~d(2B~--B")] }' 

where /aR = NAk. Consequent ly ,  the devia t ion  of the 
equ i l ib r ium cons tant  is  d e t e r m i n e d  by the d i f fe rence  
of this  exponent ia l  f r om 1. Assuming ,  for  s imp l i c i t y ,  
that  x id  ,-, 1 and that  the nonidea l i ty  i s  sma l l ,  fo r  the  
r e l a t i v e  e r r o r  due to neglec t ing  nonideal i ty  in ca l cu -  
la t ing  the equ i l ib r ium constant ,  and hence the compo-  
s i t ion  of the mix tu re ,  we obtain 

8 K, = ~ T  (2B~--B~)]. (23) 

We wil l  e s t i m a t e  the value of (23) for  d i s soc ia t ing  
hydrogen.  At t e m p e r a t u r e s  of the o r d e r  of s e v e r a l  
thousands  of d e g r e e s  the quanti ty B22 can be e s t i m a t e d  
using the Buckingham 6-exp potent ia l  [9], and Bt2 u s -  
ing the L e n n a r d - J o n e s  6 -12  potent ia l  [10]. We find 
that  B2z >- 10 cma/mole,  B12 ~ 15 cma/mole.  

Thus,  i n a c c o r d a n c e w i t h ( 2 3 ) ,  6K 2 ~ 0.5 p /T ,  where  
p is  in a im,  and T in ~ At the r a t h e r  high t e m p e r a -  
tu re  T = 5000 ~ K and the v e r y  m o d e r a t e  p r e s s u r e  p = 
= 100 a im 5K 2 ~ 0.01, i . e . ,  the e r r o r  r e a c he s  1%. 
Of course ,  i t  becomes  much g r e a t e r  at  lower  t e m p e r a -  
tu res  and h igher  p r e s s u r e s .  

Thus,  for  ca lcu la t ions  of improved  accuracy ,  e s -  
pec i a l ly  in ca lcu la t ing  the t r a n s p o r t  coef f ic ients  in 
chemica l ly  r e a c t i n g  gas  mix tu re s ,  which a r e  v e r y  sen -  
s i t i ve  to e r r o r s  91 mix tu re  composi t ion ,  it  is n e c e s -  
s a r y  to take nonideal i ty  into account.  

A p a r t  f rom the i r  p r a c t i c a l  usefu lness ,  the fo rmulas  
obtained have a c e r t a i n  methodologica l  i n t e r e s t  in r e -  
la t ion to r e s e a r c h  in the t he rmodynamics  of d i s s o c i a t -  
ing g a s e s .  F o r  example ,  the equation of s ta te  of a non- 
ideal  d ia tomic  d i s soc i a t i ng  gas  can be wr i t t en  both in 
the s t anda rd  fo rm for  a mix tu re  of m o n o m e r s  A 1 and 
d i m e r s  A2, following f rom Eqs.  (8) and (6): 

p/kT = (nl + n2) + Z X  n i n i b  i ] (T) + 
t ! 
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and in the f o r m  of a v i r i a l  s e r i e s  for  N s t a r t i n g  a toms  
(N = N  I +2N2): 

plkT-= n-} -b(T)n~ + c(T)n~ 5- d (T)n l  + . . . .  (25) 

The equivalence  of fo rms  (24) and (25) is  known [11, 
121. 

Using (21) and (22), we can  obtain the expans ion  of 
ni and n2 in power s  of n: 

2 
h i =  n ~  ~ # l  '1- 

4 (  2 2b ) 
] 

I , 2 ( ~ _ 2 0 1 1 + b l , ) n ~  + n , =  ~ n  - - - ~ 2  d . . . ,  

and then the r e l a t i o n  between the v i r i a l  coef f ic ien t s  of 
s e r i e s  (24) and (25): 

1L ia b = b l i ~  K2. (26) 

4( ,  ) 
= + -kin-  b,, (27) 

In (26) bll is  the cont r ibut ion  to b(T) due to  the i n t e r -  
ac t ion  of two unbound a toms  At,  while 

- -  1/K~ 't = bbound(T) (28) 

is  nothing o ther  than the cont r ibu t ion  to b(T) due to the 
fo rma t ion  of bound s t a t e s  A 2 of the s t a r t i ng  a toms .  
S i m i l a r l y ,  in (27) cn t  is  the contr ibut ion  to c(T) due to 
the in t e rac t ion  of th ree  unbound a toms  At,  while 

4 1 
(29) 

is  the bound pa r t  of the th i rd  v i r i a l  coeff ic ient  c(T) 
(p rov ided  that  the bound s t a t e s  of the t h ree  a toms  a r e  
not f o r m e d  s imul taneous ly) .  

W h e r e a s  e x p r e s s i o n s  of the type (26) and (28) for  
the second  v i r i a l  coef f ic ient  a r e  wel l  known [13, 14], 
f o r m u l a s  (27) and (29), which make  i t  p o s s i b l e  to s e p -  
a r a t e  and compute  the bound and unbound components  
in the th i rd  v i r i a l  coeff ic ient ,  a r e  an undoubted ach i eve -  
ment  of the p r e sen t  method. (The fo rmu la s  needed to 
ca lcu la te  the quant i t ies  in (27) and (29) a r e  known: fo r  
c(T) they a r e  given in [81, for  bn(T) in [14], for  blz(T) 
in [81; a method of ca lcu la t ing  tQd(T) has  been beau t i -  
ful ly  worked  Out [15]. The method of ca lcu la t ing  bil  
and bt2 has been improved  by the author . )  

S e r i e s  ( 2 5 ) d o e s  not converge  s a t i s f a c t o r i l y  if an 
a p p r e c i a b l e  number  of mo lecu le s  a p p e a r s  in the gas ,  
s ince  the va lues  of the v i r i a l  coef f ic ien ts  b, c, and 
d a r e  anomalous ly  l a rge .  In p r a c t i c e  this  s e r i e s  can 
be used  only in the region  of to ta l  d i s soc ia t ion .  In the 
reg ion  of p a r t i a l  d i s soc ia t ion ,  however ,  i t  is  n e c e s -  
s a r y  to base  the ca lcu la t ions  on f o r m u l a  (24), e x p l i c -  
i t ly  taking into account the ex i s t ence  of a m ix tu r e  of 
unbound a toms  and molecu les ,  which cause s  a c e r t a i n  
amount of inconvenience connected  with the n e c e s s i t y  

of making  a p r e l i m i n a r y  ca lcu la t ion  of the mix tu r e  
compos i t ion .  

It i s  pos s ib l e  to cons t ruc t  a nhybr id  ~ of Eqs .  (24) 
and (25), exp l ic i t ly  summing  the mos t  weakly  conve rg -  
ing pa r t  of the l a t t e r .  Accord ing ly ,  we wil l  f i r s t  con-  
s i d e r  how Eq. (25) wil l  appea r  when our  s y s t e m  is  a 
m ix tu r e  of idea l  g a s e s - - a t o m s  and molecu les :  

p/kV = n~ a -}- ni9 a. 

Finding  n} d and n~ d f rom (22), we obtain 

n K ?  I i _ W l + 8 n / K i d ]  p/kV = - - - V  

I -b V-(-+8n/Ki~ d " (30) 

Then expanding the r ight  s ide  of (30) in powers  of 
n/K} d, we find 

p/kT 1 ~ . 4 3 20 4 - = n - - ~ n - t - . - - ~ - .  n - - ~ n  -t- . . . .  (31) 
K~ (K~d) ~ (K~)" 

The re la t ion  between e x p r e s s i o n s  (25) and (31), taking 
account  of (26)-(29) ,  is  obvious.  

I t  can be shown that  a t  t e m p e r a t u r e s  T ~ ( 0 . 2 -  
0 .3)De/k,  where  D e is  the d i s soc i a t i on  energy  of the 
molecu le ,  bboun d in Eqs.  (26) and (28) is  a lmos t  equal to 
b, i . e . ,  the quanti ty 

b' (T) ~ b n (T) = b (7) ~ b bouaa(T) (32) 

is  much s m a l l e r  in absolu te  magni tude than b(T). S im-  
i l a r l y ,  

c' (7') .--- c(T) - - 4  [bbound (T)] 2 (33) 

is  a l so  a s m a l l  quanti ty a s  c o m p a r e d  with c(T), and so 
is  

d" (7) =. d(73 - -  20 [bbou, d (T)] ~ (34) 

as  c o m p a r e d  with d(T), while  at  the t e m p e r a t u r e s  in 
quest ion 

b' (73 c' (T) d' (73 ~ e-Z~d kr <( 1. (35) 

Taking  (32)-(34) into account  and c o m p a r i n g  Eq. 
(31) with the s t a r t i ng  equation (25), we can wr i t e  a new 
equation iden t ica l  with (25): 

I + V l+Sn//(~ d 

Jr c' (T) n 3 + d' (T) n4q- . . . .  (36) 

However ,  o ther  things being equal,  the s e r i e s  on the 
r ight  s ide  of (36) a l r e a d y  wil l  conve rge  i nc omparab ly  
m o r e  r ap id ly  than the s t a r t i n g  s e r i e s  (25), which is  
i m m e d i a t e l y  c l e a r  f rom (35). 

If we f o r m a l l y  subs t i tu te  -b (T)  for  K} d in (30) and 
p e r f o r m  a l l  the subsequent  ca lcu la t ions  as  before ,  in-  
s t ead  of (36) we obtain 
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where  

1 
P / k T : n [  l +  l + V l : - - 8 b ( T ) n l  

"~ C(iik) (T) n 3 + d(iikt) n 4 -q- . . . .  

c(iik ) (T) = c (T) - -  4 [b (T)] 2, 

d(~tkt ) (7) = d (7") - -  20 [b (T)] 3. 

+ 

(37) 

(38) 

(39) 

S e r i e s  (37) is  ident ica l  with e x p r e s s i o n  (36), but, as  
may  be seen  f rom (38) and (39), the coeff ic ients  

~3( i |k) and ~ i j k / )  a r e  of the s a m e  o r d e r  as  c '  and d' in 
8) and (34). However ,  the t e r m  p ropor t i ona l  to the 

squa re  of the densi ty ,  which in (36) t akes  into account 
the in te rac t ion  of two unbound a toms,  is  absent  f rom 
the r ight  s ide of s e r i e s  (37), s ince  i t  has been i n c o r -  
p o r a t e d  in the rad icand .  Moreove r ,  the s t r u c t u r e  of 
the coef f ic ien ts  in (38) and (39) is  s i m p l e r  than that of 
the quant i t ies  in (33) and (34), and to d e t e r m i n e  them 
it is  not at  al l  n e c e s s a r y  to in t roduce  the concept  of a 
mix tu re .  A method of ca lcu la t ing  c( i jk  ) has  been de-  
ve loped by the author .  Thus,  s e r i e s  (37) is  as s imp le  
as the s t a r t i n g  s e r i e s  (25). However ,  it  conve rges  
much m o r e  r ap id ly  and is t h e r e f o r e  su i tab le  for  p r a c -  
t i ca l  ca l cu la t ions .  

Inver t ing  s e r i e s  (37) with r e s p e c t  to p r e s s u r e ,  we 
obtain the following equation fo r  the volume p e r  atom: 

n p V / 1--4 b (T)kT p + 

+ c(,.ik) (T) (k-~-) ~ + -..}. (4o) 
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